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Abstract 
Mullin. R.C. and D. Wcvrick. Singular points in pair covers and their relation to Hadamard 
desipns, Discrete Mathematics 92 (1991) 221-225. 
A (k, A)-cover of order v is a family of k-subsets of a v-set V which has the property that each 
pair from V occurs in at least A of the k-subsets. Su-lh a fam.! i y is :3/d to be minimum if no 
other such family has fewer subsets. A point x of V is said to be singular in a minimum cover if 
every pair containing x occurs in exactly 1 + 1 subsets. Criteria for the existence of minimum 
covers containing singular points are given, and a family of such designs associated with 
Hadamard designs is discussed. 
1. Introduction 
Let u, k, and il be positive integers where u > k. A (k, A) pair cover (or simply 
cover) of order v is a pair (V, F), where V is a u-set and F is a collection of 
k-subsets of V(called blocks) which has the property that every pair of distinct 
elements of V occurs in at least .J, blocks. The problem of determining CA(v, k), 
the number of blocks in a minimum (k, A) pair cover of Y points is called the 
pair-covering problem. This problem has received considerable attention over the 
past few years (see references). It is well known 191 that such a cover C contains 
at least B*(v, k) = 1v.1 [(I! - I)il/(k - 1)1/k] blocks. Also, in any such cover. 
every point must occur in at least f = ](v - l)H(k - I)] blocks. 
A cover C is said to be normal if it contains EA(u, k) blocks. If every point of a 
cover C occurs in exactly f blocks, then C is said to be regular. If every point but 
one occurs in exactly f biocks, then C is said to be semi-regular. Note that every 
regular cover is necessarily normal. 
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In normal covers in which v is large compared to k, for any point x of V, there 
exists a point y such that the pair {x, y> occurs in exactly A blocks. This is also 
true for regular covers, and indeed, it appears to be the case in most normal 
covers. Recently it was suggested that no normal semi-regular cover could contain 
a singular point. It is the purpose here to show that this is not the case. As a 
biproduct, a method for producing certain larger normal covers from smaller ones 
is also found. 
Let C be a (k, A) cover of a v-set V. A point x E V is said to be singular if the 
pair {x, y} occurs in precisely A + 1 blocks of the cover for all y E V \ {x}. If a 
semi-regular cover contains a singular point, c!earlyj the singuiar point must be 
that unique point which does not occur with frequency f. A semi-regular cover 
containing a singular point will be called a singular cover. All other points of such 
a cover will be called ordinary. 
2. A construction for singular covers 
Let V be any finite set. A design is a pair (V, F) where F is simply any family of 
subsets of V. Let x be a point of a design D. The derived design of X, denoted by 
D,, is the collection of subsets {B\(x): x E B, B E F}. The co-design of x, 
denoted by L)“, is the collection of subsets {B: B E F, x $ B}. 
The approach to finding singular covers will be to construct them by piecing 
together a derived design and co-design, an approach which seems appropriate 
for such a problem. To avoid the problem of matching pairs with different 
frequencies in these designs, we will assume that all pairs occur with equal 
frequency in the co-design, that is, the co-design is a balanced incomplete block 
design. In searching for such a cover, where possible we will attempt to minimize 
the number of blocks in the cover relative to the size of: v in an attempt to 
produce a relatively small example. 
Lemma 2.1. Let C = (VU (001, F) be a singular (k, A*) cover of v + 1 points, 
an-? let w be the singular point of C. If c’” is a baianced incomplete block design 
with parameters (v, b, r, k, A), then C, is a regular (k - 1, A - 1) cover of v 
points, in which every ordinary point occurs in precisely 2A blocks. Conversely, if 
there exists a balanced incomplete block design with parameters (v, b, r, k, A) and 
if there exists a regular (k - 1, A - 1) cover of v points, in which every point occurs 
in exactly 2A blocks, there exists a singular (k, A*) cover of v + 1 points, where 
A*=2A- 1. 
Proof. Let r* be the frequency of occurrence of any ordinary point of C. Let 
r’=r *-rand A’- - A* - A. Then clearly every pair of distinct points of V occurs 
in at least rl’ blocks of D(=C,), and every point of V occurs in precisely r’ blocks 
of D. Since 00 is a singular point, then r’ = A* + 1. Also, since C is semi-regular, 
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then 
r*(k - 1) = r2*v + d, (1) 
where 0 d d d k - 1, and d is the number of ‘excess pairs’ containing a given 
ordinary point, that is, if x is an ordinary point, then x occurs in It*u + d pairs of 
C. Since x occurs with all v - 1 other ordinary elements at least il’ times, and with 
m at least A’ -t 1 times, then d must in fact be at least one, so d satisfies 
lsdsk-1. 
Now (1) can be written in the form 
r’(k - 1) + r(k - 1) = A’v + Au + d, (2) 
and since the parameters of the BIBD satisfy 
n(v - 1) = r(k - l), (3) 
by subtraction, we obtain 
r’(k - 1) = il’v + A + d. (4) 
Now subtract r’ = A + k’ + 1 from (4) to obtain 
r’(k - 2) = A’(v - 1) + (d - l)., (5) 
Let e = d - 1, then e satisfies 0 se ZG k - 2 and C, is regular. 
Now let D’ be the design consisting of ail blocks which contain a. Let Tdenote 
the total number of pairs in the blocks of D’. Since each of the pairs occurs at 
least il’ times in D’, then T = A ( ’ “T ‘) + E, where E is the number of excess 
pairs. 
Now each of the ordinary points occurs in e excess ordinary pairs, so the 
number of excess ordinary pairs is (v - l)e/2. Also the number of excess pairs 
including a~ is v. 
Therefore 
2T = v(v + l),? i 2u +- (v - 1)e. (6) 
However, the pairs counted by T consist of the pairs of ordinary points in D’ 
together with the pairs involving 00, There are (;)A’ + e(v - 1)/2 ordinary pairs. 
However C contains (A* + 1)v pairs of points involving m, and all of these occur 
in D’. Therefore 
2T = v(v - l)n’ + e(v - 1) + (A* + 1)~. 
Therefore 
(7) 
v(v ,t 1)X + 2v = v(v - 1)X + (A* -E 1)v. (8) 
The latter reduces to I* = 2A’ + 1, so A’ = A - 1 and r’ = 21. 
Conversely, assume that there exists a BIBD with parameters (v, b, r, k A) and 
a regular (k - 1, I - 1) cover C’ of v points in which each point occurs in 21 
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a singular (2A + 1,2A - 1) cover C, of 4A + 4 points. 
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It is easily verified that this 
To create examples of singular designs by the above, it is still necessary to 
produce regular symmetric (2A, A. - 1) designs on ZJ = 4A + 3 points. If k = 2A, 
then k(k - 1) = A(v - 1) + 2, and therefore it is conceivable that there is a cyclic 
solution. The following designs are created by this method. 
A = 2 (0, 1,2,5) mod 11 
A = 3 (0, 1,2, 3, 6, 10) mod 15 
A = 4 (0, 1,2, 3, $9, 10, 16) mod 19 
The above covers show that C,(ll, 4) = 11, C2(15, 6) = 15, and C3(19,8) = 19. 
They also prove that C,(12,5) = 22, Cs(16, 7) = 30, and C,(20,9) = 38. In 
parallel with the Hadamard Matrix conjecture, it is reasonable to conjecture that 
C,_,(4t + 3,2t + 1) = 4t + 3 and C,_,(4t + 4,2t + 1) = 8t + 6, for f a2. 
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